We consider Anderson localization and the associated metal-insulator transition for noninteracting fermions in D = 1, 2 space dimensions in the presence of spatially correlated on-site random potentials. To assess the nature of the wavefunction, we follow a recent proposal to study momentum-space entanglement. For a D = 1 model with long-range disorder correlations, both the entanglement spectrum and the entanglement entropy allow us to clearly distinguish between extended and localized states based upon a single realization of disorder. However, for other models including the D = 2 case with long-range correlated disorder, we find that the method is not similarly successful. We analyze the reasons for its failure, concluding that the much desired generalization to higher dimensions may be problematic.
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I. INTRODUCTION
The possibility that electronic bound states can be formed in presence of a random potential was first discussed in Anderson's pioneering work, 1 where it was shown that, for a sufficiently strong randomness, singleparticle wavefunctions can become exponentially localized, leading to a sharp metal-insulator transition 2 at T = 0.
For non-interacting fermions with uncorrelated random potentials, and in absence of spin-orbit coupling, the scaling theory of localization 3 predicts that all singleparticle states are localized for dimensions D ≤ 2 for any amount of disorder, and thus the Anderson metalinsulator transition only takes place in D > 2. One way to circumvent the scaling predictions and to observe an Anderson transition in low-dimensional systems is to consider systems with spatially correlated random potentials. [4] [5] [6] [7] [8] Such correlated disorder potential could emerge, for example, as an effective description of interacting electronic system in the presence of impurities, where the Fermi liquid readjusts itself, producing a spatially inhomogeneous pseudopotential "seen" by quasiparticles.
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Over the years, several quantities which probe the extension of the electronic wave function were employed to theoretically study the Anderson metal-insulator transition. These include the local density of states, 11 the participation ratio, 12, 13 the Lyapunov exponent, 14 the localization length, 15 and the conductance, 16 among others.
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More recently, the concept of quantum entanglement has been successfully applied to the study of the Anderson transition. 18, 19 This success is mainly due to the fact that entanglement and the spatial extension of the electronic wavefunctions are closely related: Extended states are entangled in position space, whereas localized states are not.
While the use of entanglement in position space appears natural, the authors of Ref. 20 recently showed that the entanglement in momentum-space also appears to be a useful tool to study the presence of extended states. As an example, the authors revisited the so-called random dimer model 4 in D = 1 and pointed out that a direct analysis of the entanglement spectrum, constructed from a momentum-space partition, provides a sharper distinction between the extended and localized states as compared to the position-space partition. Remarkably, useful and accurate results could be obtained from a single realization of disorder. If generalizable to D > 1, this would make the method particularly useful considering that the numerical effort increases drastically for higher D on top of which conventional methods to study localization require extensive averaging over different realizations of disorder.
Motivated by the success of Ref. 20 , we ask whether momentum-space entanglement as a probe of localization is of wider applicability. To this end, we apply this concept to other low-dimensional non-interacting models with correlated disorder. First, we show that for a D = 1 model with long-range correlated disorder momentumspace entanglement indeed provides a clear characterization of the Anderson transition. Second, we study a model of coupled chains which displays coexisting extended and localized states, and we also investigate the Anderson transition for correlated disorder in D = 2. In both cases we find that the proposed method fails to capture the presence of extended states, casting doubts on the general utility of momentum-space entanglement in the context of localization phenomena. We suggest two reasons for the failure, one related to the specific construction of entanglement measures employed in Ref. 20 and another one related simply to the topology of higherdimensional momentum space.
The body of the paper is organized as follows: In Sec. II we briefly present the tight-binding model studied by Anderson 1 and discuss the calculation of entanglement spectrum and entropy. In Sec. III we investigate the metal-insulator transition in a D = 1 model with longrange correlated disorder. In Sec. IV we study a particular model of coupled chains with correlated disorder within a unit cell. We then return to long-range corre-lated disorder, in Sec. V, but now considering D = 2. A discussion of methodological aspects and possible reasons for the apparent failure of momentum-space entanglement is in Sec. VI. A short summary concludes the paper.
II. DISORDERED HAMILTONIAN AND ENTANGLEMENT
To study the Anderson transition, we consider a singleband tight-binding model of spinless fermions on a lattice with N sites
where t is the hopping matrix element between nearestneighbor sites ij , c † i (c i ) is the creation (annihilation) operator of an electron at site i, n i = c † i c i is the number operator, and ε i are the site energies forming the disorder potential. We measure all our energies in units of t and consider periodic boundary conditions.
A. Entanglement via correlation matrix
To investigate Anderson localization, we use the notion of quantum entanglement and follow Ref. 20 . We begin by partitioning the system into two regions A and B which may correspond either to a subset of sites (realspace partitions) or a subset of single-particle momenta (momentum-space partitions). The next step is to construct a reduced density operator ρ A which only acts in the many-body Hilbert space defined by A and, by construction, reproduces all expectation values in region A. From ρ A we obtain the entanglement spectrum and entropy, which quantify how much information region A contains about the physics in region B.
Any reduced density operator can be written in terms of an entanglement Hamiltonian H A , ρ A = exp[−H A ]/Z, where Z is a normalization constant. For a model of non-interacting particles such as Eq. (1) it can be shown that the entanglement Hamiltonian H A has the form a free-fermion Hamiltonian. 21, 22 Its eigenvalues ε i A are in one-to-one correspondence to the eigenvalues ζ i of the two-point correlation matrix C ij according to 21, 22 
with |Ψ being a free-fermion ground state, i.e., the Fermi sea filled up to the Fermi energy E F and, for simplicity, we consider i, j ∈ A. Since the entanglement Hamiltonian H A has a free-fermion form, the entanglement entropy is then simply given by
and, from now on, we refer to ζ i as the entanglement spectrum. We see that ζ i = 0, 1 correspond to no entanglement, whereas ζ i = 1/2 corresponds to maximum entanglement. We also point out that S does not have a fixed upper bound in the present scheme, since we construct C ij using all states up to the Fermi level.
To numerically evaluate C ij , we first write the operator c i in terms of the eigenstates |ν of the single-particle problem, c i = ν i |ν a ν , with H = ν ε ν a † ν a ν , and then
where θ (x) is the usual step-function and E F is the Fermi energy.
For a real-space space partition, extended states are expected to display entanglement whereas localized states are not. A momentum-space partition was only recently investigated in the context of disordered electronic system 20 and, conversely to its real-space counterpart, when looking for extended states we should seek for the absence of entanglement since an extended state in real space has a well defined (localized) momentum.
We note that the partition of the original system into two subregions will generate spurious (or boundary) entanglement also in situations where entanglement is expected to be weak: States which are localized in the vicinity of the cut and have weight both in A and B will induce entanglement even though states away from the cut are not entangled. As we will see later, such spurious entanglement plays a prominent role in higher dimensions.
B. Correlation matrix vs. single-particle entanglement
While conventional measures of localization, e.g. the inverse participation ratio, are defined for single-particle states, the eigenvalues of the correlation matrix C ij in Eq. (4), proposed as indicator of localization in Ref. 20 , involve the whole Fermi sea. As will become clear in the remainder of the paper, this has a number of consequences.
First we note that in order to study real-space entanglement there is no need to consider C ij . One may instead focus on single-particle entanglement 18, 19 which can be directly obtained from an individual singleparticle state.
Second, however, single-particle entanglement can be problematic for a momentum-space partition. To illustrate this point, we consider the clean (disorder-free) limit in D = 1. In this case, the real single-particle eigenstates of Eq. (1) can be written as ψ
2/L sin (kx). If we now evaluate C ij for a real space partition, the only nonvanishing contribution to the entanglement spectrum is
This maximally entangled situation simply reflects the fact that the wave-functions ψ c(s) k (x) are extended over the entire lattice. Performing a similar calculation for a momentum-space partition, we obtain ζ 1,2 = 1/2, which wrongly suggests an ill-defined momentum state and thus a localized wavefunction in real space. Behind this failure lies the fact that the Fourier-transformed single-particle states ψ c(s) k (p) are non-zero at both ±k. One way to resolve this problem is to consider two particles, occupying both ψ c k and ψ s k , and to construct C ij for this two-particle system. In this case, we obtain ζ 1,2 = 1 as the nonvanishing contributions to the momentum-space entanglement spectrum, which now correctly translates into extended wavefunctions in real space. Therefore, one role of the Fermi sea in Eq. (4) is to account for the presence of states at ±k in momentum-space partitions.
We first investigate a chain of length N = L. To construct a sequence of correlated site energies, we follow the proposal of Ref. 5 and consider that the site energies ε i have a spectral density S (k) ∝ 1/k α , where S (k) is the Fourier transform of the two-point correlation function ε i ε j , where · · · denotes average over disorder. When the exponent α = 0, we recover the usual Anderson 1 model with uncorrelated disorder, which shows a white noise spectrum and a local two-point correlation function
To generate a correlated sequence with a given spectral density we follow a standard procedure 23 and write
where ϕ k are L/2 independent random variables uniformly distributed in the interval [0, 2π] and k = 2πn k /L. Due to the randomness of ϕ k , we have ε i = 0 and we normalize the energy such that σ ε = ε 2 i = 1 in order to keep the same disorder strength for all α. Interestingly, the energies generated in this fashion have the property that ε i ε i+L/2 = 2 1−α −1, 24 meaning that ε i and ε i+L/2 (the two most distant sites) are anti-correlated for α > 1. The resulting site energies are shown in Fig. 1(a) and we see that the energy spatial profile becomes smoother as α increases and that the anti-correlation between the most distant sites is more evident.
As first shown in Ref. 5, this model displays extended states when the exponent α > 2. The critical value of α for which the localization/delocalization transition takes place actually depends on E F . Moreover, because of the long-range correlations in the disorder potential, this problem lacks self-averaging, 5, 25 and thus the location of the phase boundaries in the phase diagram is particular to the correlated sequence used (see, for instance, Figs.
1(c) and (d)).

A. Density of states and inverse participation ratio
We start by investigating the total density of states, identical to the site-averaged local density of states
where i |ν is the amplitude of the ν-eigenvector of Eq.
(1), with energy E ν , at the site located at r i . We numerically evaluate the delta function as δ (x) ≈ Γ −1 θ (Γ/2 − |x|) and we generally choose the width Γ = 0.1t. In Fig. 1(b) we show ρ tot for different values of α. Because of the imposed normalization ε 2 i = 1 the width of ρ tot is essentially independent of α. We also see that ρ tot = 0 for |E| ≤ 4t, with no sharp band edges. As α increases, the curves become smoother following the same trend as the site energies. Even though ρ i undergoes a qualitative change upon localization, because it directly measures the local amplitude of the electronic wave functions, ρ tot shows no sign of an Anderson transition for α > 2, since site to site fluctuations are averaged out.
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We also consider the inverse participation ratio
Generically, we have that IPR ν ∼ O (1) for a localized state and IPR ν ∼ O (1/N ) for an extended one. The value of the IPR ν averaged over disorder is often employed as a powerful tool to investigate the Anderson transition. In the present case, however, due to the longrange character of the disorder, the position of the mobility edges changes considerable from sample to sample, Figs. 1(c) and (d), even in the thermodynamic limit.
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Due do this peculiar behavior, we consider the IPR ν only for single disorder realizations. Interestingly, for the current model, 25 the positions of the mobility edges in a given sample are determined by sharp peaks in the IPR ν , which separate the localized states (N × IPR ν constant) from the localized ones (N × IPR ν size dependent), Figs. 1(c) and (d).
B. Entanglement spectrum and entropy
We now turn to characterize the Anderson transition via entanglement measures. To this end, we calculate the entanglement spectrum ζ i and entropy S for a single disorder realization. First, we consider a partition in real space with A ∈ [1, L/2] and B ∈ [L/2 + 1, L], with sample results in Figs. 2(a),(d) . From previous work, 5 we know that extended states at E F = 0 occur for α > 2.5 and, while the entropy saturates to its maximum value in this region, the entanglement spectrum ζ i does not display a sharp boundary, since there is appreciable entanglement also for α < 2.5. Second, we consider a cut in momentum space 20 with A ∈ [0, π] and B ∈ ]π, 2π] with sample results in Figs. 
2(b),(c),(d).
For the clean case, this partition corresponds to separation between the right and left movers. Remarkably, the momentum-space entanglement spectrum displays a qualitative change as function of α. Comparing Figs. 2(a) and 2(b) we see that the momentumspace cut clearly shows the presence of extended states. We recall that for this cut extended states are associated with the suppression of entanglement, ζ i = 0, 1, which in Fig. 2(b) occurs for α > 2.5. It is also interesting to notice that the entanglement entropy curve in Fig.  2(d) is very smooth, even though no average of disorder was performed. For completeness, in Fig. 2(c) we show the momentum-space entanglement spectrum for fixed α as function of the Fermi energy. For E F smaller than the mobility edge we again see a suppression of entanglement; recall that the position of the mobility edge is independently known through IPR ν as in Figs. 1 
(b) and (d).
Despite of all clear evidences for the presence of ex- tended states in Figs. 2(b) ,(c),(d), it is difficult to determine the precise location of the critical α, or of the mobility edges, with the current method, a situation which remains unchanged even for larger system sizes. As an example, we return to Figs. 2(b),(d) to point out that a critical value of α = 2.4 or 2.6 is as plausible as the quoted value of 2.5.
5 Thus, when investigating models for which the precise localization of the transition is unknown, the current method may have to be complemented by different measures of localization.
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IV. SHORT-RANGE CORRELATED LADDERS
Encouraged by the sharp distinction between localized and extended states for D = 1 systems using the entanglement spectrum and entropy, as shown in Ref. 20 and the previous section, we study now a correlated random ladder model. 
where γ i is the disordered interchain hopping amplitude γ i and ε i,1(2) the on-site energy at site i and chain 1 (2). We consider disorder-free intrachain hopping amplitude t =1 1t, where 1 1 is the 2 × 2 identity. Interestingly, this model shows extended states when the site energies and the interchain hopping amplitude have a particular correlation: 8, 26 ε i,1 = ε i,2 = γ i , with ε i,1 randomly distributed. The emergence these extended states is easily understood: For this particular choice, the eigenvalues of the ε i in Eq. (8) are simply λ i = 0, 2ε i,1 . Therefore, half of the eigenstates correspond to those of a clean chain and the other half to those of a chain with uncorrelated on-site disorder disorder given by 2ε i,1 .
8 Because of this effective decoupling of the ladder into two chains, we have the unusual situation where extended states coexist with localized ones inside the conduction band −2t ≤ E ≤ 2t.
Without loss of generality, we assume that ε i,1 are uniformly distributed in the interval [−0.5, 0.5] with γ i = ε i,2 = ε i,1 . To probe the extent of the wavefunctions we use the inverse participation ratio, Eq. (7). For the present case, it is easy to show that, for the extended states, IPR ν = 3/2N , since these eigenstates are simply the Bloch states of a clean tight-binding chain. Therefore, for a given realization of disorder, there are N/2 extended eigenstates for which IPR ν = 3/2N .
Using the IPR ν as criterion, we calculate the contributions to ρ tot for both the extended and localized states, Fig. 3(a) . It is then clear that the density of states of the extended states corresponds to half of the density of states of a clean tight-binding chain, as expected. For the localized states, we see that they stretch outside the conduction band (|E| < 2t), and that their ρ tot has a similar value as compared to the density of states for the extended states in the center of the band, illustrating the advertised coexistence. The novel signatures of this coexistence were carefully discussed in Ref. 26 . Here, we complement their results calculating the quantum entanglement.
As in the example of Section III, we calculate the entanglement spectrum ζ i and entropy S for a single disorder realization with partitions both in real and in momentum space. Assuming that the chains run along the x-direction, we perform the cuts along the points x = L/2 and k x = π, in real and momentum space respectively. The resulting entanglement entropy and spectrum are show in Figs. 3(b),(c),(d) . In distinct difference to the case discussed in Section III, here the only signature of extended states is given by a real space cut. This can be clearly seen in Figs. 3(b) ,(c), where there is an enhancement of the entanglement for |E F | < 2t, accompanied by its suppression outside this region. Moreover, we notice that the localized states have minimal effects on this results, since they give rise to spurious entanglement only for |E F | < 2t. For a momentum-space cut, Figs. 3(b),(d), there is no suppression of the entanglement for all energies for which ρ tot > 0. Naively interpreted this implies that all states for |E F | 2.5t are localized. The failure of the momentumspace entanglement to detect extended states in the current model obviously comes from the fact that entanglement corresponds to localization and, since localized states exist for all energies where the extended states are present, their contribution to ζ i overcome the lack of entanglement corresponding to extended states. We notice that more conventional measures of localization 26 correctly capture the existence of extended states in the current model.
Finally, we attempt an extension of the entanglement method to D = 2. We consider long-range correlated site energies ε i,j with spectral density S( k) ∝ 1/| k| α on a L × L square lattice. We follow Ref. 7 and define
where φ i,j and Ω i,j are random phases uniformly distributed in the interval [0, 2π] and k x(y) = 2πn i(j) /L. For each value of α we also shift the energies to ensure that ε i,j = 0 and normalize them such that σ ε = ε 2 ij = 1. As in the previous cases, we perform cuts both in real and momentum space and consider a torus geometry, i.e., periodic boundary conditions. 27 In real space, we perform a partition along the plane x = L/2, whereas in momentum space we cut along the plane k x = π.
Results are shown in Fig. 4 . For both partitions the distinction between localized and extended states is not apparent in the entanglement spectra and entropy, i.e., unlike for the models discussed in the previous sections, both methods seem to fail. Of course, we cannot exclude that the moderate system sizes are simply too small to probe the nature of the wavefunctions. It is known that careful finite-size scaling is often necessary to obtain meaningful results on localization properties. 3, 11, 15, 18, 28 However, we suspect there are further difficulties to the use of the entanglement spectrum, to be discussed in the next section.
VI. ANALYSIS AND DISCUSSION
Given that we have encountered only limited success of the momentum-space entanglement method proposed in Ref. 20 , a more in-depth discussion of its working principles is required which we attempt here.
A. Correlation matrix
As mentioned in Sec. II, the correlation matrix C ij has contributions from all states below the Fermi level E F . Naively, one would expect that increasing E F therefore simply adds new eigenvalues to C ij . In the presence of a mobility edge at E c , with exclusively localized states below E c , one might therefore expect that these localized states always contribute eigenvalues 0 < ζ i < 1 in the momentum-space partition even for E F > E c . However, this is clearly not the case, as shown in Fig. 2(c) where such eigenvalues do not occur in an energy window between the mobility edges.
To settle this apparent contradiction, we have to remember the fact that we are dealing with long-range correlated disorder. While a generic (short-range) disorder spreads single-particle states over all of momentum space, long-range disorder spreads the states only over a much narrower k interval. Suppose now that there are localized states in some energy interval E 1 < E < E 2 . In the clean case, these energies can be assigned to some momenta k 1 < |k| < k 2 . If now E F is sufficiently far above E 2 then all momenta near k 1 , k 2 will be totally filled (despite the presence of localized states), because momentum smearing is moderate. Therefore, the non-vanishing ζ i will only be 1, regardless of the fact that there are localized states below E F . Consequently, the energies for which momentum-space entanglement, as calculated from C ij , is suppressed do not coincide with the true mobility edges, such that ζ i cannot, by construction, sharply determine the position of mobility edges. Notice that this discussion does not apply to the model considered in Ref. 20 because this only shows extended states at a particular resonant energy and thus has no mobility edges. 4 We conclude that the entanglement spectrum constructed from C ij , which has contributions from all states below E F , renders an energy-resolved detection of localization problematic; this becomes more pressing for short-range correlated disorder and is therefore of relevance for generalizations to D ≥ 2. The problem may be resolved by a different construction of an appropriate entanglement spectrum. We recall, however, that the Fermi-sea construction of C ij is vital for momentumspace partitions in order to remove the trivial entanglement between k and −k of extended states.
B. Spurious entanglement
We believe that the apparent failure of the entanglement measures in the D = 2 case, Fig. 4 , is primarily related to spurious entanglement. It is well known that the entanglement entropy has the general property to follow an "area law", 29 i.e., to scale according to L D−1 in a system of linear dimension L, simply because the cut used to partition the system scales as L D−1 . In other words, for D ≥ 2 there is sizeable entanglement across the boundary between A and B whose nature is trivial but which contributes eigenvalues 0 < ζ i < 1 of C ij which spoil the naive analysis of the entanglement spectrum.
Hence, the challenge lies in separating this spurious (or short-range) entanglement from the long-range entanglement which contains the physics of localization vs. delocalization we are interested in. Such a separation very likely requires a careful and detailed analysis the systemsize dependence of entanglement properties, as has been done in recent numerical work on spin systems.
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VII. SUMMARY
Using the recently proposed 20 concept of momentumspace entanglement, we studied Anderson localization and the associated metal-insulator transition in lowdimensional tight-binding models with spatially correlated disorder.
Similar to the results for a D = 1 random-dimer model in Ref. 20 , we find for a D = 1 model with long-range disorder correlations that the momentum-space entanglement calculated via the correlation matrix appears to provide an efficient differentiation between localized and extended states, even for a single realization of disorder. In contrast, for a tight-binding ladder with special short-range disorder correlations, which features coexisting extended and localized states over a range of energies, momentum-space entanglement is not easily able to detect the presence of extended states. Finally, an extension to D = 2 which we applied to a model with long-range correlated disorder appears to fail entirely: We found no obvious signatures of the Anderson transition both for a momentum-space and a real-space partition.
A general discussion of the method indicates two reasons for failure, one related to the many-particle character of the correlation matrix and the other one related to spurious entanglement. We conclude that more elaborate extensions of the method proposed in Ref. 20 are required to access localization in D ≥ 2. Such extensions might require an energy-selective definition of the correlation matrix and a more quantitative analysis of entanglement spectrum and entropy, combined with finite-size scaling, in order to separate spurious (boundary) entanglement from long-range entanglement. It remains to be seen whether such an extended method still provides advantages over more conventional measures of localization.
